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In this paper we calculate the field equations for Scalar-Tensor from a variational principle, in
which we have taken into account the Gibbons-York-Hawking type boundary term. We do the
same for the theories f(R), following [1]. Then, we review the equivalences between both theories
in the metric formalism. Thus, starting from the perturbations under conformal-Newtonian gauge
for Scalar-Tensor theories, we find the perturbations for f(R) gravity under the equivalences in the
same gauge. Working with two specific models of f(R), we explore the equivalences between the
theories. Further, we show the perturbations for both theories under the sub-horizon approach.
Finally, we show how to calculate the cosmological perturbations using the package xPand.
I. INTRODUCTION
Recent observations of the CMB show that the uni-
verse is in accelerated expansion [2, 3]. The broadly
used model is the Λ-Cold-Dark-Matter (ΛCDM). How-
ever, this model introduces an exotic term of energy,
called Dark Energy (DE), associated to the cosmological
constant term Λ. Assuming that the theory of general rel-
ativity (GR) is not entirely correct at cosmological scales,
it is possible that a cosmological constant term is not
necessary to explain the accelerated expansion of the uni-
verse. The alternative theories to the Einstein’s proposal
are known as modified gravity theories (MG). One set of
these theories is known as Scalar-Tensor gravity theories
(ST) [4–6], where the gravitational action in these the-
ories, in addition to the metric, to contain a scalar field
which intervenes in the generation of the space-time cur-
vature, associated to the metric. This scalar field is not
directly coupled to the matter and, therefore, the matter
responds only to the metric. It should be noted that the
Brans-Dicke theory (BD), [7] proposed by C.H. Brans y
R.H. Dicke in 1961, is a particular case of theories ST,
where the parameter ω(φ) is independent of the scalar
field.
Another type of generalization to GR are the theories
of gravity f(R) [8–10], where the lagrangian of Einstein-
Hilbert is generalized, replacing the scalar curvature R
by a more general function of it, f(R). The gravitational
field in this theory is represented by the metric like GR
does.
The equivalence between theories ST and f(R) has been
studied e.g., in [11–16]. It is, starting from the ST action,
without the kinetic term of the scalar field, we arrive at
the action of the gravity theories f(R). In this paper, in
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addition to the above, we show these equivalences for the
field equations, the Friedmann equations of the homoge-
neous and isotropic universe and the Friedmann’s scalar
perturbations under the conformal-Newtonian gauge.
The paper is organized as following: in the section II
we get the field equations for RG, ST and f(R) theories
starting from the variational principle, taking into ac-
count the Gibbons-York-Hawking (GYH) boundary term
type, for every of the above theories. It is found that the
consideration to obtain the field equations for ST, un-
der the equivalence of the theories, to coincide to the
f(R) condition. In the section III the equivalence be-
tween ST and f(R) for the actions and the field equations
of the theories is shown. In the section IV the Fried-
mann equations for the background universe (homoge-
neous and isotropic) are calculated. Besides, we calculate
the perturbed Friedmann equations under the conformal-
Newtonian gauge, for ST, and the ones for f(R), using
the equivalence between the theories. Then, we show how
to construct the potential for the Hu-Sawicki and Staro-
bisnky f(R) models, in order to calculate the Friedmann
equations for the background and perturbed universe in
these models for the two formalisms. Inmediately, we
perform the sub-horizon approach to the perturbations,
for both theories, and we show that they can not be calcu-
lated using the equivalences, due to the parameter ω = 1
for ST. Finally, in the section V we show the conclu-
sions. In the appendix B we show how the perturbations
were calculated under the package xPand from software
Mathematica.
Throughout the review, we adopt natural units 8πG =
c = 1, here G is Newton’s gravitational constant and c is
speed of light. Have a metric signature (−+++). Small
latin indices a, b, . . . assume the values 0 to 3, while greek
indices α, β, . . . assume the values 1,2,3.
2II. FIELD EQUATIONS AND VARIATIONAL
PRINCIPLES
This section shows how the field equations, through a
variational principle for the theories GR, ST and f(R)
are found; taking into account in all of these theories the
boundary term type GYH. .
A. Field Equations in GR
The Einstein field equations (EFEs) can be deduced
through a variational principle. We give a detailed review
following [17–19]. The action for GR is
S(RG) =
1
16π
∫
M
d4x
√−gR+ S(m)(gab, ψ), (1)
where the first term is known as the Einstein-Hilbert ac-
tion, d4x
√−g is the element of invariant volume and R
is the Ricci scalar.
The second term is the matter action defined by
S(m) =
∫
M
d4x
√−gL(m)(gab, ψ), (2)
where ψ denotes the matter fields.
The variation of the action (1) with respect to gab takes
the form
δS(RG) =
1
16π
∫
M
d4xδ(
√−gR) + δS(m). (3)
Given the variation of the Ricci scalar
δR = δgabRab +∇c(gabδΓcab)−∇b(gabδΓcac), (4)
we get
δS(RG) =
1
16π
∫
M
d4x
√−g(Rab − 1
2
gabR
)
δgab
+
1
16π
∫
M
d4x
√−g∇dV d + δS(m), (5)
where
V d = gabδΓdab − gadδΓcac. (6)
The second integral of the equation (5) is a divergence
term. Thus, we can use the Gauss-Stokes theorem∫
M
d4x
√
|g|∇dAd =
∮
∂M
d3yǫ
√
|h|ndAd, (7)
where ∂M its the boundary of a hypervolume on M, h
is the determinant of the induced metric, nd is the unit
normal vector to ∂M, ǫ is +1 if ∂M is timelike and −1 if
∂M is spacelike (it is assumed that ∂M is nowhere null).
Coordinates xa are used for the finite region M and ya
for the boundary ∂M.
In the equation (6) the variations of the Christoffel
symbols are present. Calculating this variations in the
boundary, we have
δΓabc
∣∣∣
∂M
=
1
2
gad(∂bδgdc + ∂cδgbd − ∂dδgbc), (8)
where it has been imposed that the variation of the metric
tensor is null in the boundary, i.e.,
δgab
∣∣∣
∂M
= 0. (9)
Found the equation (8), the vector Vd = gedV
e is calcu-
lated at the boundary
Vd
∣∣∣
∂M
= gab(∂bδgda − ∂dδgba). (10)
Now we evaluate the term ndVd
∣∣
∂M
, using for this
gab = hab + ǫnanb, (11)
then
ndVd
∣∣
∂M
= ndhab(∂bδgda − ∂dδgba), (12)
where we use the antisymmetric part of ǫnanb, with ǫ =
ndnd = ±1. To the fact δgab = 0 in the boundary we
have hab∂bδgda = 0, we get
ndVd
∣∣
∂M
= −ndhab∂dδgba. (13)
The variation of the action (5) takes the form
δS(RG) =
1
16π
∫
M
d4x
√−g(Rab − 1
2
gabR
)
δgab
− 1
16π
∮
∂M
d3yǫ
√
|h|ndhab∂dδgba + δS(m).
(14)
The above equation shows that fixing δgab = 0 on ∂M
there is an additional boundary term. It could be argued
that both the variation of the metric and its first deriva-
tive vanish in the boundary, i.e., δgab = 0 and ∂cδgab = 0
in ∂M. Although this last argument leads directly to
Einstein field equations, it implies to fix two conditions
in the boundary. To avoid this, a boundary term is in-
troduced, the Gibbons-York-Hawking (GYH) boundary
term, that allows to have a well defined variational prob-
lem only fixing the variation of the metric in the bound-
ary, δgab
∣∣
∂M
= 0 [20, 21]. This term is
S
(RG)
GYH =
1
8π
∮
∂M
d3yǫ
√
|h|K, (15)
where K is the trace of extrinsic curvature.
The variation of the GYH action is
δS
(RG)
GYH =
1
8π
∮
∂M
d3yǫ
√
|h|δK, (16)
3where δhab = 0 in the boundary ∂M.
Using the definition of the extrinsic curvature [18]
Kab = h
c
a ∇cnb, (17)
the trace is given by
K = ∇ana = gab∇bna = hab(∂bna − Γcbanc), (18)
where we have used the equation (11). Taking into ac-
count (8), δK is calculated on the boundary
δK = −habδΓcbanc =
1
2
hab∂dδgban
d. (19)
The variation (16) gives
δS
(RG)
GYH =
1
16π
∮
∂M
d3yǫ
√
|h|hab∂dδgband. (20)
This term to cancel with the second integral of (14) (the
boundary term contribution). Hence we have
δS(RG) =
1
16π
∫
M
d4x
√−g(Rab − 1
2
gabR
)
δgab + δS(m).
(21)
The variation of the action (2) takes the form
δS(m) =
∫
M
d4xδ(
√−gL(m))
=
∫
M
d4x
√−g
(
∂L(m)
∂gab
− 1
2
L(m)gab
)
δgab. (22)
Defining the stress-energy tensor by
Tab ≡ −2∂L
(m)
∂gab
+ L(m)gab = − 2√−g
δS(m)
δgab
, (23)
then
δS(m) = −1
2
∫
M
d4x
√−gTabδgab. (24)
Imposing that the total variations to remain invariant
with respect to δgab, i.e.,
1√−g
δS(RG)
δgab
= 0. (25)
Finally, we get
Rab − 1
2
Rgab = 8πTab, (26)
which are the Einstein field equations.
B. Field Equations in ST gravity
Scalar-Tensor theories of gravity belong to the MG the-
ories, where a function of scalar field φ is non-minimal
coupling to the Ricci scalar R. The action in the so-called
Jordan Frame is [22]
S(ST ) =∫
M
d4x
√−g
[
f(φ)
2
R− ω(φ)
2
gab∇aφ∇bφ− V (φ)
]
+ S(m), (27)
where S(m) is the action (2) describing ordinary matter
(any form of matter different from the scalar field φ), ω is
a parameter that is a function of the scalar field φ. Notice
that the matter is not directly coupled to φ, in the sense
that the Lagrangian density L(m) does not depend on φ,
but the scalar field is directly coupled to the Ricci scalar
R. The scalar field potential V (φ) constitutes a natural
generalization of the cosmological constant [5].
From the action of ST theories of gravity, the BD’s action
can be gotten by [22]
f(φ) =
φ
8π
, ω(φ) =
ω0
8πφ
(28)
where ω0 is a constant, and the potential is rescaled by
a factor 16π.
The ST field equations can be obtained from a variational
principle. The variation of the action (27) with respect
to δgab gives
δS(ST ) =∫
M
d4xδ(
√−g)
[f(φ)
2
R− ω(φ)
2
gcd∇cφ∇dφ− V (φ)
]
+
∫
M
d4x
√−g
[f(φ)
2
δR− ω(φ)
2
δ(gcd)∇cφ∇dφ
]
+ δS(m). (29)
Taking into account the equation (4), we get
δS(ST ) =∫
M
d4x
√−g
[
f(φ)
2
(
Rab − 1
2
gabR
)
+
1
2
gabV (φ)
−ω(φ)
2
(
∇aφ∇bφ− 1
2
gabg
cd∇cφ∇dφ
)]
δgab
+
∫
M
d4x
√−g f(φ)
2
[∇c (gabδΓcab)−∇b (gabδΓcac)]
+ δS(m). (30)
Let us write the second integral in the following way
δS
(ST )
B =
∫
M
d4x
√−g f(φ)
2
∇d
(
gabδΓdab − gadδΓcac
)
.
(31)
The term in parentheses is given by (e.g. see [1])
gabδΓdab − gadδΓcac = gef∇dδgef −∇cδgdc. (32)
4Using the above relation and the fact about the metric
compatibility (∇cgab = 0), the term (31) yields
δS
(ST )
B =
∫
M
d4x
√−g f(φ)
2
(
gefδg
ef −∇e∇f δgef
)
,
(33)
where the D’Alembert operator definition has been used,
i.e.  ≡ ∇d∇d. It allow us to define the next quantities
to express the integral above in a different way
Mc =
f(φ)
2
gef∇c(δgef )− 1
2
(δgef )gef∇cf(φ) (34)
y
N c =
f(φ)
2
∇f (δgcf )− 1
2
(δgcf )∇ff(φ). (35)
The quantitiesMc and N
c allow us to write the equation
(33) as (for details view A)
δS
(ST )
B =
1
2
∫
M
d4x
√−gδgef (geff(φ)−∇e∇ff(φ))
+
∫
M
d4x
√−g(∇cMc −∇cN c). (36)
Thus, the variation of the action (30) takes the form
δS(ST ) =
∫
M
d4x
√−g
[
f(φ)
2
(
Rab − 1
2
gabR
)
+
1
2
gabV (φ) − ω(φ)
2
(
∇aφ∇bφ− 1
2
gabg
cd∇cφ∇dφ
)
+
1
2
(gabf(φ)−∇a∇bf(φ))
]
δgab +
∮
∂M
d3y
√
|h|ǫncMc −
∮
∂M
d3y
√
|h|ǫncN c + δS(m), (37)
where the Gauss-Stokes theorem (7) has been used in the
boundary term. Evaluating the terms Mc and N
c at the
boundary, we have
Mc
∣∣∣
∂M
=
f(φ)
2
gef∇cδgef = −f(φ)
2
δafg
bf∂cδgab
= −f(φ)
2
gba∂cδgab (38)
and
N c
∣∣∣
∂M
= −f(φ)
2
gacgbf∂fδgab. (39)
Using (11) we compute the following terms that appear
in the integrals (37)
ncMc
∣∣∣
∂M
= −f(φ)
2
nc(hab + ǫnanb)∂cδgab
= −f(φ)
2
nchab∂cδgab (40)
and
ncN
c
∣∣∣
∂M
= −f(φ)
2
nc(h
ac + ǫnanc)(hbf + ǫnbnf )∂f (δgab)
= −f(φ)
2
nahbf∂f (δgab) = 0, (41)
where we have used the facts that nch
ac = 0, ǫ2 = 1 and
the tangential derivative hbf∂f (δgab) to vanish (e.g., see
[18]).
The variation of the action (37) takes the form
δS(ST ) =
∫
M
d4x
√−g
[
f(φ)
2
(
Rab − 1
2
gabR
)
+
1
2
gabV (φ) − ω(φ)
2
(
∇aφ∇bφ− 1
2
gabg
cd∇cφ∇dφ
)
+
1
2
(gabf(φ)−∇a∇bf(φ))
]
δgab − 1
2
∮
∂M
d3y
√
|h|ǫf(φ)nchab∂c(δgab) + δS(m). (42)
As previously mentioned for GR, the last integral can be
vanished arguing that, in addition to the variation of the
metric δgab, its first derivative ∂cδgab to vanish in the
5bpundary. Instead of, we use the boundary term type
GYH for ST theories [23, 24]
S
(ST )
GYH = 2
∮
∂M
d3y
√
|h|ǫf(φ)
2
K. (43)
The variation of this term with respect to δgab is
δS
(ST )
GYH =
∮
∂M
d3y
√
|h|ǫf(φ)δK. (44)
Taking into account (19), the above equation gives
δS
(ST )
GYH =
1
2
∮
∂M
d3y
√
|h|ǫf(φ)nchab∂cδgab. (45)
Thus, we can see that the term type GYH cancels with
the second integral of the equation (42).
Finally, using (24), the variation of the action of ST the-
ories yields
δS(ST ) =∫
M
d4x
√−g
[
f(φ)
2
(
Rab − 1
2
gabR
)
+
1
2
gabV (φ)
− ω(φ)
2
(
∇aφ∇bφ− 1
2
gabg
cd∇cφ∇dφ
)
− 1
2
T
(m)
ab
+
1
2
(gabf(φ)−∇a∇bf(φ))
]
δgab. (46)
Imposing that this variation becomes stationary
1√−g
δS(ST )
δgab
= 0, (47)
we get
f(φ)Gab = T
(m)
ab + ω(φ)(∇aφ∇bφ−
1
2
gab∇cφ∇cφ)
+ (∇a∇bf(φ)− gabf(φ))− gabV (φ). (48)
which are the field equations in the metric formalism of
ST theories of gravity.
Since the action (27) it depends on the metric as the
scalar field φ, the variation of the action (27) with respect
to δφ is calculated
δS(ST ) =∫
M
d4x
√−g
[
1
2
Rδf(φ)− 1
2
δ(ω(φ)∇cφ∇cφ)− δV (φ)
]
.
(49)
Allow us to write, δf(φ) =
df(φ)
dφ
δφ = fφδφ.
Now, the second term in the integral we can write it as
δ(ω(φ)∇cφ∇cφ) = ∇cφ∇cφδω(φ) + ω(φ)δ(∇cφ∇cφ)
= ∇cφ∇cφωφδφ+ 2ω(φ)∇cφ∇cδφ.
(50)
Thus, the variation gives
δS(ST ) =
∫
M
d4x
√−g
[
1
2
Rfφ − 1
2
ωφ∇cφ∇cφ− Vφ
]
δφ
−
∫
M
d4x
√−gω(φ)∇cφ∇cδφ. (51)
we define the following quantity for can be expressed
diferently the above integral
Lc = ω(φ)∇cφδφ. (52)
The covariant derivative of Lc is
∇cLc = ∇c(ω(φ))∇cφδφ + ω(φ)∇c(∇cφδφ)
= ωφ∇cφ∇cφδφ + ω(φ)∇c(∇cφδφ).
Because
∇cφ∇c(δφ) = ∇c (δφ∇cφ)− δφφ, (53)
the second term in (51) takes the form
δS(ST ) =∫
M
d4x
√−g
[1
2
Rfφ +
1
2
ωφ∇cφ∇cφ+ ω(φ)φ − Vφ
]
δφ
−
∫
M
d4x
√−g∇cLc. (54)
Using the Gauss-Stokes theorem (7) at the divergence
term, we have∫
M
d4x
√−g∇cLc =
∮
∂M
d3y
√
|h|ǫncLc
=
∮
∂M
d3y
√
|h|ǫncω(φ)∇cφδφ. (55)
Imposing that the variation of the scalar field in the
boundary vanishes
δφ
∣∣∣
∂M
= 0, (56)
we can see that the Gauss-Stokes term cancels-off.
Now, the variation of the term type GYH for ST theo-
ries(43) with respect to δφ yields
δS
(ST )
GYH =
∮
∂M
d3y
√
|h|ǫfφKδφ, (57)
because the imposition (56), the above term vanishes.
Wherewith, the variation of the action (54) gives
δS(ST ) =∫
M
d4x
√−g
[
1
2
Rfφ +
1
2
ωφ∇cφ∇cφ+ ω(φ)φ− Vφ
]
δφ.
(58)
Imposing that this variation become stationary
1√−g
δS(ST )
δφ
= 0, (59)
6we have
ω(φ)φ+
1
2
Rfφ +
1
2
ωφ∇cφ∇cφ− Vφ = 0. (60)
which are the field equation for the scalar field in ST
theories of gravity.
C. Field Equations in f(R) theories
As a natural extension of GR and higher order theo-
ries, f(R) theories emerge, which consider an arbitrary
function of the Ricci scalar.
The action f(R) is [9]
Sf(R) =
1
2
∫
M
d4x
√−gf(R) + S(m), (61)
where f(R) is a non-linear analytical function of the Ricci
scalar and S(m) is given by (2). In the paper ([1]), shows
how the field equations are obtained taking into account
the boundary term type GYH for f(R). Here show the
main results found there.
The variation of the action with respect to δgab is
δSf(R) =
1
2
∫
M
d4x
√−g
(
fRRab − 1
2
gabf(R) + gabfR −∇a∇bfR
)
δgab +
1
2
∫
M
d4x(∇cHc −∇cIc) + δS(m), (62)
where the terms Hc and I
c are given by
Hc = fRgab∇cδgab − δgabgab∇cfR (63)
and
Ic = fR∇eδgce − δgce∇efR. (64)
Here fR =
df
dR
. Using the Gauss-Stokes theorem to the
divergence term in the variation and evaluating the terms
ncHc and ncI
c at the boundary, we have
δSf(R) =
∫
M
d4x
√−g
(
fRRab − 1
2
gabf(R) + gabfR −∇a∇bfR
)
δgab−
∮
∂M
d3y
√
|h|ǫfRnchab∂cδgab+ δS(m). (65)
The boundary term type GYH for f(R) is [24]
S
f(R)
GYH =
∮
∂M
d3y
√
|h|ǫfRK, (66)
The variation of the above action gives
δS
f(R)
GYH =
∮
∂M
d3y
√
|h|ǫfRRKδR
+
1
2
∮
∂M
d3y
√
|h|ǫndfRhab∂dδgba. (67)
The second term of the above equation cancels the
boundary term of the equation (65), but in addition needs
to impose δR = 0 in the boundary to obtain the field
equations [1, 25].
Taking into account the variation of the matter action
(24) and imposing that the variation for f(R) theories
becomes stationary
1√−g
δSf(R)
δgab
= 0, (68)
thus, we have
fRRab − 1
2
gabf(R) + gabfR −∇a∇bfR = T (m)ab . (69)
which are the field equations for f(R) theories.
In this section we recover in the variational approach the
set of field equations for GR, ST and f(R) theories em-
phasizing the boundary problem. We explore directly the
equivalence between ST and f(R) theories at the GYH
boundary term, and it is clear that the boundary term
makes the theory well defined mathematical problem. It
is important to notice that in the literature the equiv-
alence problem has been widely studied [11–16], but in
this paper it was shown how the field equations were ob-
tained for ST theories with the GYH boundary term, in
complete agreement with previous work [10, 15, 16, 25],
but conecting a previous work [1] through the equivalence
in the important issue of the boundary for both theories.
Also, the condition to get the equation to φ, it had to be
imposed on the boundary that the variation δφ be equal
7to zero. The variational approach in f(R) gravity brings
the condition δR = 0 at the boundary in total agreement
with the equivalence between both theories, showing the
mathematical power of the equivalence.
A more detailed analysis of the equivalences will be dis-
cussed in the next section.
III. EQUIVALENCE BETWEEN ST AND f(R)
THEORIES
The equivalence between ST and f(R) theories has
been broadly studied at the classical level, e.g., in [11–16],
but also a quantum level [26, 27]. In this paper shows the
equivalence between the actions and the field equations,
but as we will see in the next section, in addition we will
show them in the cosmological perturbations.
We start from the following ST action without a kinetic
term in the scalar field
S =
∫
M
d4x
√−g(ψ(φ)R − V (φ)), (70)
donde φ has been included as an auxiliary field.
when fφφ 6= 0 in the above action, we can set
ψ = fφ (71)
V (φ) = φfφ − f(φ) = φψ(φ) − f(φ), (72)
Thus, the action (70) takes the form
S =
∫
M
d4x
√−g(fφ(R − φ) + f(φ)). (73)
If φ = R, we have
ψ = fR (74)
and we recover the action (61). Moreover, the variation
with respect to φ of the above action gives
fφφ(R − φ) = 0, (75)
if fφφ 6= 0 it implies that
φ = R. (76)
The action (70) corresponds to the action (27) of ST
theories with the parameter ω(φ) = 0.
If we start with the field equations f(R) (rewriting the
equations (69) for to include the Einstein tensor Gab)
GabfR = T
(m)
ab +∇a∇bfR − gabfR +
1
2
gab(f −RfR),
(77)
Taking into account (74) in the above field equations, we
get
Gabψ = T
(m)
ab +∇a∇bψ − gabψ +
1
2
gab(f(φ)− φψ)
= Tab +∇a∇bψ − gabψ − gabV (φ),
where it has been used (72), with the potential rescaled
by 12 . The above equations are the field equations (48)
for ST theories with the parameter ω(φ) = 0.
IV. COSMOLOGICAL PERTURBATIONS
In this section we study the Friedmann equations in
a homogeneous and isotropic universe with the metric
Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) as the
background metric for the ST and f(R) theories. Then
we calculate the linear cosmological perturbations under
conformal-Newtonian gauge for the theories above men-
tioned. Note that the equations found by f(R) theories
for both the background and the perturbed ones were
found under the equivalence relations with the ST theo-
ries.
A. Background Universe
Consider a statistically spatially homogeneous and
isotropic universe with the spatially flat FLRW metric
as background
ds2 = a2(η)(−dη2 + δµνdxµdxν). (78)
The energy conservation is
∇bTab = 0, (79)
where
Tab = pgab + (p+ ρ)uaub (80)
is the stress-energy tensor for perfect fluid. With this,
the energy conservation gives
ρ˙+ 3H(p+ ρ) = 0. (81)
Here, p is the fluid pressure, ρ the energy density y ua is
the four-velocity of the fundamental observers.
The Friedmann equations for the evolution of the back-
ground in ST theories are [22]
3H2f = ρa2 + ω
2
φ′2 + V a2 − 3Hf ′ (82)
and
− (2H′ +H2)f = pa2 + 1
2
ωφ′2 +Hf ′ + f ′′ − V a2, (83)
where H ≡ a˙(η)
a(η) . The equation for the evolution of the
scalar field is
ω(φ′′ + 2Hφ′) = 3fφ(H′ +H2)− 1
2
ωφφ
′2 − Vφa2. (84)
To obtain the Friedmann equations for BD theory, must
be taking into account the relations (28) in the friedmann
equation for ST theories.
From the equivalence relation (74), we have
ψφ = fRR (85)
ψφφ = f
(3)
R , (86)
8where f
(3)
R =
d3f
dR3
. Replacing (72) and the above relations
in the equations (82) and (83) with the parameter ω(φ) =
0, we come to Friedmann equations for the f(R) theories
3H2fR = ρa2 + a
2
2
(RfR − f(R))− 3HfRRR′ (87)
and
−(2H′ +H2)fR = pa2 +HR′fRR + a
2
2
(f(R)−RfR)
+R′′fRR +R
′2f
(3)
R . (88)
As mentioned above, one of the motivations for MG the-
ories, is to explain the accelerating expansion of the uni-
verse. For ST theories, given a potential V (φ) [28–30]
we can get a universe in accelerating expansion, while
for f(R) theories, the same function is responsible for
achieve it [31–33].
Through the equivalence we have found the Friedmann
equations for the theories f(R) starting from the ST
equations, taking the parameter ω = 0. Next we will
find the Friedmann equations perturbed in the Newto-
nian gauge for both theories in a complete general frame-
work.
B. Equivalence between Cosmological
Perturbations in ST and f(R) gravity
Scalar metric perturbations in the conformal-
Newtonian gauge are describes by the line element
[34]
ds2 = a2(η)[−(1 + 2Φ)dη2 + (1− 2Ψ)δµνdxµdxν ], (89)
where Φ and Ψ are the so-called Bardeen potentials [35].
To find the linear perturbations of ST theories, the field
equations (48) are perturbed, taking into account the
metric (89). Here, δφ represents the perturbation of the
scalar field. The perturbed Friedmann equations are (For
more details on how the perturbations are calculated, see,
e.g., [36]. In the appendix B it is shown as calculated with
the package xPand from software Mathematica)
[−2∇2Ψ+ 6HΨ′ + 6H2Φ]f¯ − 3H2f¯φδφ =
− a2δρ+ ω¯(φ¯′2Φ− φ¯′δφ′)− 1
2
ω¯φφ¯
′2δφ+
(
3Hφ¯′f¯φφδφ+ 3Hf¯φδφ′ − 6Hf¯φφ¯′Φ− f¯φ∇2δφ− 3f¯φφ¯′Ψ′
)
− a2Vφδφ,
(90)
which is the time-time component. we shall refer to the background quantities with the overbar. Now, the space-
space component is
[[2Ψ′′ +∇2(Φ−Ψ) +H(2Φ′ + 4Ψ′) + (4H′ + 2H2)Φ]δµν + (Ψ− Φ),µν ]f¯ + (−2H′ −H2)f¯φδφδµν =
a2δpδµν + a
2p¯
(
Π,µν −1
3
δµν∇2Π
)− ω¯(φ¯′2Φ− φ¯′δφ′)δµν + 1
2
ω¯φφ¯
′2δφδµν + f¯φ(∂µ∂νδφ− δµν∇2δφ)
+H(φ¯′f¯φφδφ+ f¯φδφ′)δµν − 2Hφ¯′f¯φΦδµν + (φ¯′2f¯ (3)φ δφ+ 2φ¯′f¯φφδφ′ + φ¯′′f¯φφδφ+ f¯φδφ′′)δµν − 2Φ(f¯φφφ¯′2 + f¯φφ¯′′)δµν
− (2Ψ′ +Φ′)f¯φφ¯′δµν − a2V¯φδφδµν . (91)
To find the relationship between Bardeen potentials and
anisotropic pressure, we take the off-diagonal part, after
having calculated the trace of the above equation
f¯(Ψ − Φ) = a2p¯Π+ f¯φδφ. (92)
If there is no anisotropic pressure, i.e., if Π = 0, the two
potentials can be related to each other as
Ψ = Φ +
f¯φ
f¯
δφ. (93)
For f¯ = 1, it implies that Φ = Ψ, which corresponds to
the case of GR in the absence of anisotropic pressure.
The perturbed equation of the evolution of the scalar
field (60) is (see Appendix B)
9ω¯[−δφ′′ − 2Hδφ′ +∇2δφ+ 2Φφ¯′′ + (Φ′ + 3Ψ′)φ¯′ + 4HΦφ¯′]− ω¯φ(φ¯′′ + 2Hφ¯′)δφ+ 1
2
a2f¯φδR+ 3(H′ +H2)f¯φφδφ
+
1
2
ω¯φ(−2φ¯′δφ′ + 2φ¯2Φ)− 1
2
ω¯φφφ¯
′2δφ′ − a2V¯φφδφ = 0, (94)
where δR is (for more details, e.g., see [37])
δR = a−2[−6Ψ′′ + 2∇2(2Ψ− Φ)− 6H(Φ′ + 3Ψ′)
− 12(H′ +H2)Φ]. (95)
Now, we find the perturbed Friedmann equation for f(R)
theories, starting from the equations (90) and (91), which
are the perturbed Friedmann equations for ST theories
with the parameter ω(φ) = 0, under the equivalence re-
lations between both theories.
From the equation (72), we take
V¯φ = φ¯ψ¯φ. (96)
To relate the above equation in terms of R and fR, the
equivalence relations (76) and (85) are taken, wherewith
we get
V¯φ =
R¯
2
f¯RR, (97)
where the potential has been rescaled by 12 .
Thus, the perturbed Friedmann equations of f(R) theo-
ries for time-time and space-space components take the
form
(−2∇2Ψ+ 6HΨ′ + 6H2Φ)f¯R − 3H2f¯RRδR =
− a2δρ− a
2R¯
2
f¯RRδR− f¯RR∇2δR+ 3H(f¯RRδR′ + R¯′f¯ (3)R δR)− 6Hf¯RRR¯′Φ− 3f¯RRR¯′Ψ′, (98)
and
[[2Ψ′′ +∇2(Φ−Ψ) +H(2Φ′ + 4Ψ′) + (4H′ + 2H2)Φ]δµν + (Ψ − Φ),µν ]f¯R + (−2H′ −H2)f¯RRδRδµν =
a2δpδµν + a
2p¯(Π,µν −1
3
δµν∇2Π)− a
2R¯
2
f¯RRδRδµν + f¯RR(∂µ∂ν − δµν∇2)δR+H(f¯RRδR′ + R¯′f¯ (3)R δR)δµν
− 2HR¯′f¯RRΦδµν + (2R¯′f¯ (3)R δR′ + R¯′2f¯ (4)R δR+ f¯RRδR′′ + R¯′′f¯ (3)R δR)δµν − 2Φ(R¯′2f¯ (3)R + R¯′′f¯RR)δµν
− (Φ′ + 2Ψ′)R¯′f¯RRδµν . (99)
The off-diagonal part, after having calculated the trace
of the above equation
f¯R(Ψ− Φ) = a2p¯Π+ f¯RRδR. (100)
For Π = 0, we take the relations between potentials
Ψ = Φ+
f¯RR
f¯R
δR. (101)
Taking f(R) = R, we get the relations of GR Φ = Ψ is
absence of anisotropic pressure.
Perturbed Friedmann equations were found in the
Newtonian-conformal gauge to both theories. It is im-
portant write down that the equations to f(R) theories
were obtained starting from the equations (90) and (91)
for ST theories , with the parameter ω = 0. Our analysis
is restricted in a conformal-Newtonian gauge, but given
the properties of the cosmological perturbation theory,
formalism as the covariant and coordinate also should
provide scenarios where the equivalence apply. Once the
general form for the equivalence is founded, we will con-
centrate in two examples.
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C. Hu-Sawicki and Starobinsky models
Below are shown two examples from the equivalences
between both f(R) and ST theories. The first is Hu-
Sawicki model [28], which is important since it is able
of reproducing the accelerated expansion of the universe
[38–40] besides to satisfice the tests of the solar system
[28]. Although the reconstruction of the potential has
already been studied, we show the equivalences, in the
Friedmann equations of the background and the per-
turbed ones. Now, this model is given by [41]
f(R) = − 2Λ
1 + 2 ǫ
n
(4Λ
R
)n
, (102)
where Λ is a constant energy scale whose value coincides
with the measured value Λ = Λobs = 3H
2
0ΩΛ and ǫ ≪ 1
is a small positive deformation parameter. We note that
the derivative of f(R) is
fR = −ǫ
(
4Λ
R
)n+1
. (103)
From the equivalence (74), we have
R = 4Λ
( |φ|
ǫ
)− 1
n+1
. (104)
Thus, rewriting the function (102) in terms of the scalar
field, gives
f = −2Λ + 4Λ ǫ
n
( |φ|
ǫ
) n
n+1
. (105)
Using the equivalence in the potential (72). The potential
for the Hu-Sawicki model is
V (φ) = 2Λ
(
1− 2ǫn+ 1
n
( |φ|
ǫ
) n
n+1
)
. (106)
Once the potential is obtained, we calculate the Fried-
mann equations in the background in terms of the scalar
field, which are
3H2φ = ρa2 − 3Hφ′ + 2Λ
(
1− 2ǫn+ 1
n
( |φ|
ǫ
) n
n+1
)
a2
(107)
and
−(2H′ +H2)φ = pa2 + φ′′ +Hφ′
− 2Λ
(
1− 2ǫn+ 1
n
( |φ|
ǫ
) n
n+1
)
a2.
(108)
From the relation (74), the Friedmann equations in the
formalism f(R) take the form
−3H2ǫ
(
4Λ
R
)n+1
= ρa2 + 2a2Λ
(
1− 2ǫn+ 1
n
(
4Λ
R
)n)
− 3ǫ(n+ 1)HR
′
R
(
4Λ
R
)n+1
(109)
and
(2H +H2)ǫ
(
4Λ
R
)n+1
= pa2 + ǫ(n+ 1)
R′
R
H
(
4Λ
R
)n+1
− 2Λ
(
1− 2ǫn+ 1
n
(
4Λ
R
)n)
+ ǫ(n+ 1)
R′′
R
(
4Λ
R
)n+1
− ǫ(n+ 1)(n+ 2)R
′2
R2
(
4Λ
R
)n+1
. (110)
The perturbed Friedmann equations (time-time and
space-space components) in terms of the scalar field are
[−2∇2Ψ+ 6HΨ′ + 6H2Φ]φ¯− 3H2δφ = −a2δρ+ 3Hδφ′ − 6Hφ¯′Φ−∇2δφ− 3φ¯′Ψ′ − 4a2Λ
( |φ|
ǫ
)− 1
n+1
δφ (111)
and
(
[2Ψ′′ +∇2(Φ−Ψ) +H(2Φ′ + 4Ψ′) + (4H′ + 2H2)Φ]δµν + (Ψ − Φ),µν
)
φ¯+ (−2H′ −H2)δφδµν =
a2
(
δpδµν + p¯
(
Π,µν −1
3
δµν∇2Π
))
+
(
∂µ∂νδφ−∇2δφδµν − 2φ¯′′Φδµν + δφ′′δµν − 2Hφ¯′Φδµν +Hδφ′δµν
− (2Ψ′ +Φ′)φ¯′δµν
)
− 4a2Λ
( |φ|
ǫ
)− 1
n+1
δφδµν , (112)
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where we have used
Vφ = 4Λ
( |φ|
ǫ
)− 1
n+1
. (113)
Now, the Friedmann equations in the formalism f(R),
using the equivalence relations, take the form
− (−2∇2Ψ+ 6HΨ′ + 6H2Φ)ǫ
(
4Λ
R¯
)n+1
− 3H2 ǫ(n+ 1)
R¯
(
4Λ
R¯
)n+1
δR = −a2δρ− a
2R¯
2
ǫ(n+ 1)
R¯
(
4Λ
R¯
)n+1
δR
− ǫ(n+ 1)
R¯
(
4Λ
R¯
)n+1
∇2δR+ 3H
(ǫ(n+ 1)
R¯
(
4Λ
R¯
)n+1
δR′ − ǫ(n+ 1)(n+ 2) R¯
′
R¯2
(
4Λ
R¯
)n+1
δR
)
− 6H ǫ(n+ 1)
R¯
(
4Λ
R¯
)n+1
R¯′Φ− 3 ǫ(n+ 1)
R¯
(
4Λ
R¯
)n+1
R¯′Ψ′. (114)
and
− [[2Ψ′′ +∇2(Φ−Ψ) +H(2Φ′ + 4Ψ′) + (4H′ + 2H2)Φ]δµν + (Ψ− Φ),µν ]ǫ
(
4Λ
R¯
)n+1
− (2H′ +H2)ǫ(n+ 1)
R¯
(
4Λ
R¯
)n+1
δRδµν = a
2(δpδµν + p¯(Π,µν −1
3
δµν∇2Π))− a
2R¯
2
ǫ(n+ 1)
R¯
(
4Λ
R¯
)n+1
δRδµν
+
ǫ(n+ 1)
R¯
(
4Λ
R¯
)n+1
(∂µ∂ν − δµν∇2)δR +H
(
ǫ(n+ 1)
R¯
(
4Λ
R¯
)n+1
δR′ − R¯′ ǫ(n+ 1)(n+ 2)
R¯2
(
4Λ
R¯
)n+1
δR
)
δµν
− 2HR¯′ ǫ(n+ 1)
R¯
(
4Λ
R¯
)n+1
Φδµν +
(
− 2R¯′ ǫ(n+ 1)(n+ 2)
R¯2
(
4Λ
R¯
)n+1
δR¯′ + R¯′2
ǫ(n+ 1)(n+ 2)(n+ 3)
R¯3
(
4Λ
R¯
)n+1
δR
+
ǫ(n+ 1)
R¯
(
4Λ
R¯
)n+1
δR′′ − R¯′′ ǫ(n+ 1)(n+ 2)
R¯2
(
4Λ
R¯
)n+1
δR
)
δµν
− 2Φ
(
− R¯′2 ǫ(n+ 1)(n+ 2)
R¯2
(
4Λ
R¯
)n+1
+ R¯′′
ǫ(n+ 1)
R¯
(
4Λ
R¯
)n+1)
δµν − (Φ′ + 2Ψ′)R¯′ ǫ(n+ 1)
R¯
(
4Λ
R¯
)n+1
δµν ,
(115)
where has been used the following relation
δφ =
ǫ(n+ 1)
R
(
4Λ
R
)n+1
δR. (116)
The second model to discuss is the Starobinsky model
[42], which is a cosmic inflation model. Whose pertur-
bations in the inflationary era were first discussed by
Mukhanok and Starobinsky himself [43, 44]. His pre-
dictions agree with the recent CMB data [45]. For more
discussions on this model, see e.g., [46].
The Starobinsky model is given by
f(R) = R+
R2
6M2
, (117)
where the constant M has mass dimenssion. Performing
the same above procedure for to construct the potencial,
we start from
fR = 1 +
R
3M2
. (118)
From the equivalence (74), we have
R = 3M2(φ− 1). (119)
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Thus, the potential gives
V (φ) =
3
4
M2(φ − 1)2, (120)
where the potential has been rescaled by 12 . Found the
potential, we calculate the Friedmann equations in terms
of the scalar field
3H2φ = ρa2 − 3Hφ′ + 3
4
M2(φ− 1)2a2 (121)
and
−(2H′+H2)φ = pa2+φ′′+Hφ′− 3
4
M2(φ−1)2a2. (122)
From the relation (74), we obtain the Friedmann equa-
tions for the f(R) formalism
3H2
(
1 +
R
3M2
)
= ρa2 + a2
R2
12M2
− HR
′
M2
(123)
−(2H+H2)
(
1 +
R
3M2
)
= pa2 +
HR′
3M2
− a2 R
2
12M2
+
R′′
3M2
.
(124)
Now, the perturbed Friedmann equations in terms of the
scalar field are
[−2∇2Ψ+ 6HΨ′ + 6H2Φ]φ¯− 3H2δφ = −a2δρ+ 3Hδφ′
− 6Hφ¯′Φ−∇2δφ− 3φ¯′Ψ′ − 3
2
M2(φ− 1)a2δφ. (125)
and
(
[2Ψ′′ +∇2(Φ−Ψ) +H(2Φ′ + 4Ψ′) + (4H′ + 2H2)Φ]δµν + (Ψ − Φ),µν
)
φ¯+ (−2H′ −H2)δφδµν =
a2
(
δpδµν + p¯
(
Π,µν −1
3
δµν∇2Π
))
+
(
∂µ∂νδφ−∇2δφδµν − 2φ¯′′Φδµν + δφ′′δµν − 2Hφ¯′Φδµν
+Hδφ′δµν − (2Ψ′ +Φ′)φ¯′δµν
)
− 3
2
M2(φ− 1)a2δφδµν . (126)
Once obtained the above perturbations, we find the cos-
mological perturbations in the formalism f(R), which are
(−2∇2Ψ+ 6HΨ′ + 6H2Φ)
(
1 +
R¯
3M2
)
−
(H2
M2
)
δR =
− a2δρ− a2
(
R¯
6M2
)
δR−
(
1
3M2
)
∇2δR+
( H
M2
)
δR′
− 2H
(
R¯′
M2
)
Φ−
(
R¯′
M2
)
Ψ′. (127)
and
[[2Ψ′′ +∇2(Φ−Ψ) +H(2Φ′ + 4Ψ′) + (4H′ + 2H2)Φ]δµν + (Ψ− Φ),µν ]
(
1 +
R¯
3M2
)
−
(
2H′ +H2
3M2
)
δRδµν =
a2δpδµν + a
2p¯(Π,µν −1
3
δµν∇2Π)− a2
(
R¯
6M2
)
δRδµν +
(
1
3M2
)
(∂µ∂ν − δµν∇2)δR +
( H
3M2
)
δR′δµν
−
(
2HR¯′
3M2
)
Φδµν +
(
1
3M2
)
δR′′δµν −
(
2R¯′′
3M2
)
Φδµν − (Φ′ + 2Ψ′)
(
R¯′
3M2
)
δµν . (128)
We show how to obtain the perturbed Friedmann equa-
tions for Hu-Sawicki and Starobinsky models for f(R)
theories from the perturbed equations for ST theories. In
the next subsection, the linear evolution of matter den-
sity perturbations under the sub-horizon approximation
for each of the theories will be calculated.
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D. Sub-horizon Approximation in ST and f(R)
theories
The perturbed energy conservation equations are [37]
δ′ = (1 + w)(∇2v + 3Ψ′) + 3H(wδ − δp
ρ¯
) (129)
and
v′ = −H(1−3w)v− w
′
1 + w
v+
δp
ρ¯(1 + w)
+
2
3
w
1 + w
∇2Π+Φ,
(130)
where δ = δρ
ρ¯
is the perturbation of the relative energy
density and v is the perturbation of velocity.
The above equations in the matter domain, i.e., w = 0
(do not confuse with the parameter ω of ST theories) and
taking Π = 0, takes the form in the space Fourier as
δ′′m +Hδ′m + k2Φ− 3HΨ′ − 3Ψ′′ = 0, (131)
where k is the wave number. Taking the sub-horizon
approach, i.e., ∂
∂η
∼ H ≪ k. we get
δ′′m +Hδ′m + k2Φ = 0. (132)
To obtain the Poisson type equation in the sub-horizon
approach for ST theories, the perturbed time-time com-
ponent (90) in the Fourier space is taken
2k2Ψf¯ = −a2δρ+ k2f¯φδφ. (133)
To find δφ of the above equation, we take ω¯ constant in
the equation (94), thus
− ω¯k2δφ+ 1
2
a2f¯φδR = 0. (134)
Applying the sub-horizon approach to the term δR (95),
we get
δR = −2a−2k2(2Ψ− Φ), (135)
replacing δR in the equation (134), gives
δφ =
f¯φ
ω¯
(Φ− 2Ψ). (136)
Using the relation (93) in the above equation
δφ = − f¯φ(
ω¯ + 2
f¯2
φ
f¯
)Φ. (137)
It can be seen that the perturbations of the scalar field
in ST gravity theories do not depend on the wave num-
ber k in the sub-horizon approach. Replacing the above
expression and using (93) in (133), we get Poisson type
equation
k2Φ = −4πGSTeff a2ρ¯mδm, (138)
where
GSTeff =
1
8πf¯

2ω¯ + 4 f¯
2
φ
f¯
2ω¯ + 3
f¯2
φ
f¯

 , (139)
is the gravitational effective constant for ST theories.
The linear evolution of matter density perturbations and
scalar field perturbations in sub-horizon approach in the
framework of ST theory of gravity can be written as fol-
lows
δ′′m +Hδ′m − 4πGSTeff a2ρ¯mδm = 0, (140)
where it has been used (132). For more details about the
density linear perturbations see [47–49].
To calculate the perturbations in f(R) theory under the
same approach, we start of the perturbed time-time com-
ponent (98)
2k2Ψf¯R = −aδρm + k2f¯RRδR, (141)
replacing the relation (101) in the above equation, we
take
k2Φ = − a
2
2f¯R
δρm − k
2
2
f¯RR
f¯R
δR. (142)
Using the equation (135), we get
k2Φ = −4πGf(R)eff a2ρ¯mδm. (143)
This is the Poisson equation in the Fourier space in f(R)
theories, where
G
f(R)
eff =
1
8πf¯R

1 + 4k2a2 f¯RRf¯R
1 + 3k
2
a2
f¯RR
f¯R

 , (144)
is the gravitational effective constant for f(R) theories.
The linear evolution of matter density perturbations in
sub-horizon approach for f(R) theories of gravity is
δ′′m +Hδ′m − 4πGf(R)eff a2ρ¯δm = 0, (145)
where has ben used (132). For more detail about the
linear density perturbations in f(R) theories see [50–52].
To see the equivalences in both theories, we take ω¯ = 0
in the effective gravitational constant for ST theories and
let’s use the equation (74) to obtain
Geff =
4
3
1
8πf¯R
, (146)
if we use k
2
a2
f¯RR
f¯R
≫ 1 in (144), we obtain the same effective
gravitational constant [52]. In this way, we show the
equivalence between f(R) and ST theories under the sub-
horizon approximation using the above limit. Finally, if
we take the variation of δR (135) and we use the relation
(101), we obtain
δR = − 2
k2
a2
1 + 4k
2
a2
f¯RR
f¯R
. (147)
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Now, using the above limit, the expression yields
δR = − f¯R
2f¯RR
Φ. (148)
If we apply the equivalence in (137), i.e., taking ω¯ = 0
and using (76), (74) we obtain the same above expression.
Evidencing once again the equivalence between both the-
ories
V. SUMMARY
In this section we present the results found in the paper
• We found the field equations in the metric formal-
ism of the ST theories using the variational prin-
ciple, where, the Gibbons-York-Hawking boundary
term type was used to make no further assumptions
about variations of the metric δgab at the bound-
ary. Furthermore, to obtain the field equation for
the scalar field, we need impose, δφ = 0 at the
boundary. Following [1], were found the field equa-
tions for f(R), where it was shown that in addition
to δgab, we have to impose that δR = 0 at the
boundary. Which, under the equivalence between
the ST and f(R) theories there is agreement.
• We obtained the Friedmann equations of the
background and the perturbed ones under the
conformal-Newtonian gauge for the ST theories.
Then, we find the Friedmann equations of the back-
ground and the perturbed ones for f(R) theories
using the equivalences between both theories.
• We show how to obtain the potencial for the Hu-
Sawicki and Starobinsky f(R) models. Then, we
calculate the Friedmann equations for the back-
ground and perturbed universe in terms of the
scalar field for these models, and taking into ac-
count the equivalence between theories, we find the
Friedmann equations for the f(R) formalism.
• We found the the Poisson type equations and lin-
ear evolution of matter density perturbations for
both ST (with the paramter ω constant) and f(R)
theories. Then, we show the equivalences between
effective gravitational constant for both theories,
using for ST the parameter ω = 0 and using the
limit k
2
a2
f¯RR
f¯R
≫ 1 to f(R) theories.
• We show how to obtain the perturbations for the
ST theores in the package xPAnd under the soft-
ware Mathematica.
Appendix A: Terms with Mc and N
c
As a alreeady mentioned, the quantities Mc and N
c
are defined by
Mc =
f(φ)
2
gef∇c(δgef )− 1
2
(δgef )gef∇cf(φ) (A1)
and
N c =
f(φ)
2
∇f (δgcf )− 1
2
(δgcf)∇ff(φ). (A2)
The covariant derivative of Mc is
∇cMc = 1
2
∇c(f(φ)gef∇cδgef )− 1
2
∇c(δgefgef∇cf(φ))
=
1
2
(∇cf(φ))gef∇cδgef + 1
2
f(φ)gef∇c∇cδgef
− 1
2
(∇cδgef )gef∇cf(φ)− 1
2
δgefgef∇c∇cf(φ),
where the first and third term are canceled, with which
∇cMc = 1
2
f(φ)gefδg
ef − 1
2
δgefgeff(φ), (A3)
so
1
2
f(φ)gefδg
ef = ∇cMc + 1
2
δgefgeff(φ). (A4)
The covariant derivative of N c is
∇cN c = 1
2
∇c(f(φ)∇f δgcf)− 1
2
∇c(δgcf∇ff(φ))
=
1
2
(∇cf(φ))∇f δgcf + 1
2
f(φ)∇c∇fδgcf
− 1
2
(∇cδgcf)∇ff(φ)− 1
2
δgcf∇c∇ff(φ),
where the first and third term are canceled, thus
∇cN c = 1
2
f(φ)∇c∇fδgcf − 1
2
δgcf∇c∇ff(φ) (A5)
getting
1
2
f(φ)∇c∇f δgcf = ∇cN c + 1
2
δgcf∇c∇fφ. (A6)
Subtracting (A4) with (A6), we get
f(φ)
2
(gefδg
ef −∇c∇fδgcf ) =
1
2
δgef (geff(φ)−∇e∇ff(φ)) + (∇cMc −∇cN c),
(A7)
Appendix B: Cosmological Perturbations in xPAnd
To obtain the cosmological perturbations in the
conformal-Newtonian guge, the package xPand was used
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(for more details of the package see [53]).
We load the package
In1 :=Needs["xAct` xPand` "].
We define the manifold, the metric and its perturbation
as
In2 :=DefManifold[M, 4, {α, β, γ, µ, ν, λ, σ}]
DefMetric[−1, g(−α,−β),CD, {"; ", "D"}];
DefMetricPerturbation[g, dg, ǫ];
a split 3+ 1 of the manifold background is made. In this
case we use the flat FLRW metric
In3 :=SetSlicing[g, n, h, cd, {"|",∇}, "FLFlat"]
The order of the perturbation is 1, so
In4 :=order = 1;
We only consider scalar perturbations
In5 :=$FirstOrderTensorPerturbations = False;
$FirstOrderVectorPerturbations = False;
we load the ToxPand command which handles the per-
turbations
In6 :=MyToxPand(expr , gauge , order ):=
ToxPand(expr, dg, u, du, h, gauge, order);
We define the functions of ST thoeries
In7 :=DefScalarFunction[V ]
ConformalWeight [V ′] = 0;
DefScalarFunction[F ]
ConformalWeight [F ′] = 0;
DefScalarFunction[ω]
ConformalWeight [ω′] = 0;
We define an effective tensor for ST theories, which is
given
In8 :=DefTensor[Teff[−µ,−ν],M ]Teff[µ , ν ]:= ω[ϕ[]]
F [ϕ[]]
(
CD[µ][ϕ[]]CD[ν][ϕ[]] − 1
2
g[µ, ν]CD[α][ϕ[]]CD[−α][ϕ[]]
)
+
1
F [ϕ[]]
(
CD[µ]@CD[ν][F [ϕ[]]]− g[µ, ν]CD[−α]@CD[α][F [ϕ[]]]− V [ϕ[]]g[µ, ν]
)
Now, we define the stress-energy tensor
In9 :=DefTensor[T [−µ,−ν],M ]
$Dust = False;
IndexSet[T [α , β ], ((ρ[µ][] + If[$Dust, 0, P [u][]])
u[α]u[β] + (If[$Dust, 0, P [u][]])g[α, β])]
we enter the field equation
In10 :=MyST[µ , ν ]:=EinsteinCD[µ, ν]−T [µ, ν]
F [ϕ[]]
−Teff[µ, ν]
We perturbate the first order equations
In11 :=MySTResult = MyToxPand[MyST[µ,−ν],
"NewtonGauge", order]
The result does not divide the perturations into compo-
nents and besides shows the result of the background.
For example, to show the time-time component for the
background, we use
In12 :=ExtractComponents[ExtractOrder[MySTResult
ah[]2, 0], h, {"Time", "Time"}]
To show the perturbed time-time component, we enter
In13 :=ExtractComponents[ExtractOrder[MySTResult
ah[]2, 1], h, {"Time", "Time"}]
and for the perturbed space-space component
In14 :=ExtractComponents[ExtractOrder[MySTResult
ah[]2, 1], h, {"Space", "Space"}]
We perturbate to first-order the equation for the scalar
field evolution
In15 :=MySTceResult = MyToxPand[ω[ϕ[]]CD[−µ]
@CD[µ][ϕ[]] +
1
2
RicciScalarCD[]F [ϕ[]]
+
1
2
ω′[ϕ[]]CD[α][ϕ[]]CD[−α][ϕ[]]− V ′[ϕ[]],
"NewtonGauge", order]
The perturbed equation is extracted to first order
In16 :=ExtractOrder
(
ah[]2MySTceResult, 1
)
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